A New Quantum Violation of Noncontextuality invoking Bell's inequality and Entangled State of a Spin-1/2 Particle by Basu, S et al.
A New Quantum Violation of Noncontextuality invoking
Bell’s inequality and Entangled State of a Spin-1/2 Particle
Sayandeb Basu†, Somshubhro Bandyopadhyay‡, Guruprasad Kar?
and Dipankar Home1‡
†Department of Physics, University of Cincinnati, Cincinnati, Ohio-45219
‡Department of Physics, Bose Institute, 93/1 A.P.C. Road, Calcutta-700009, India
?Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B.T. Road,
Calcutta-700035, India
Deriving Bell’s inequality as a general consequence of the hypothesis of noncontextual-
ity we demonstrate a testable example of its incompatibility with quantum mechanics.
For this purpose, an appropiately formulated entanglement between disjoint Hilbert
spaces of a single spin-1/2 particle is invoked.
Bell’s famous inequality [1] in terms of measurable correlation functions is de-
rived from a form of locality condition known as “Einsten Locality” (henceforth
EL) which requires that the result of a measurement on a system be unaffected
by measurements on its distant correlated partner with which it has interacted
in the past. This inequality turns out to be incompatible with quantum mechan-
ics for nonfactorisable or entangled states of two or more correlated systems. In
this paper we bring out the significance of such an inequality in a new setting
involving joint measurements of commuting observables of a single system in an
appropiately prepared nonfactorisable state.
A basic step is to formulate a Bell-type inequality as a consequence of a condition
more general than EL, viz. “noncontextuality” which is characterised by the
following hypothesis: The result of a measurement of any observable, say O1, is
determined uniquely independent of the experimental context; i.e., an individual
measured value of O1 is same whatever way it is measured [2]. In particular,
the value of O1 is assumed to be independent of which other observable like
O2, O3, ... (each commuting with O1) is measured together with O1.
Of course in quantum mechanics noncontextuality is automatically satisfied at
a level of the expectation value of an observable which is uniqely fixed in terms
of a wave function and is thus independent of the measuring arrangement. The
extrapolation of such a “statistical” context-independence to individual mea-
sured values is what motivates the hypothesis of noncontextuality (henceforth
HNC). Its incompatibility with the formalism of quantum mechanics (QM) has
been demonstrated by a number of algebraic arguments [3-7] but not in terms
of testable statistical predictions obtained from HNC (in a way independent of
QM) which conflict with those of QM. It is this gap that we seek to fill by a
Bell-type inequality which is derived from HNC without any recourse to the
formal structure of QM and by applying it to a single spin 1/2 particle. A
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testable conflict between HNC and the predictions of QM is demonstrated for
an appropiate entanglement between spin and position space wave functions of
a spin 1/2 particle.
Note that a particular case of noncontextuality arises if mutually commuting
one-particle observables are considered which respectively belong to disjoint
Hilbert spaces pertaining to spatially separated particles which are noninteract-
ing even if they have interacted in the past. Then HNC reduces to EL. Hence to
test HNC in a way mutually exclusive of EL we use a single particle system. We
show that by considering mutually commuting spin and suitably constructed po-
sition space observables of a single spin 1/2 particle HNC can be discriminated
from QM in a situation where “locality” in any form is not applicable.
In view of the fact that the conflict between QM and EL has been subjected to
a rather extensive experimental probing, demonstrations of the QM violation
of HNC are called for in situations which would complement the investigations
on QM versus EL. Here an important point is that experiments to date on EL
have all been performed with photons while the testable example discussed in
this paper is inherently in terms of particles with mass like neutrons.
A spin 1/2 particle has hitherto remained unexplored for studying the conflict
between QM and HNC primarily because of arguments by Gleason [3], Bell [4]
and Kochen-Specker [5] implying that QM is compatible with HNC for a spin
1/2 particle described in a Hilbert space of dimension two provided one restricts
attention to only spin degrees of freedom. In our example, a spin 1/2 particle is
described in terms of a tensor product Hilbert spaceH = H1⊗H2 where H1 and
H2 are disjoint Hilbert spaces corresponding to spin and position-momentum
degrees of freedom. Hence in our case the total Hilbert space is of dimension
greater than two (as discussed later, in our specific example the total Hilbert
space is of dimension four). There is thus no inconsistency with the theorems of
Gleason [3] and Kochen-Specker [5] which require the dimensionality of Hilbert
space to be greater than or equal to three for demonstrating any conflict between
QM and HNC.
An interesting approach for formulating Bell-type inequalities which can dis-
criminate between QM and HNC for particles with spin higher than 1/2 have
been developed by Roy and Singh (RS) [8]. Their treatment is based on a
particular type of noncontextuality, viz. what RS call “stochastic noncontex-
tuality”. This involves assigning probability distribution to “hidden variables”
associated with a measuring apparatus and requires averaging over such “hidden
variables”. On the other hand, for our treatment it suffices to assume that an
individual measured value is uniquely fixed (the usual form of HNC, also known
as “deterministic noncontextuality”). We do not require any use of specifics of
“hidden variable” theories such as assumptions about distribution functions of
hidden variables.
Cabello and Garcia-Alcaine (CGA)[9] have recently suggested testing the con-
flict between QM and HNC by using a two-particle two-state system. The
consequences of HNC in terms of sets of compatible propositions have been
formulated by CGA such that a joint measurement of a particular set of com-
patible observables would discriminate between QM and HNC in a yes-no way.
In contrast, our example uses a single-particle spin 1/2 system so that the QM
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inconsistency with HNC can be quantified, the quantitative measure being the
amount by which the relevant Bell-type inequality is violated.
Having clarified the underpinning motivations, let us now get down to specifics.
We first briefly sketch the arguments leading to the pertinent Bell-type inequal-
ity before indicating the way it is applied to the specific example of our paper.
We begin by noting that given an ensemble of identical systems specified by
a common wave function, the result of an individual measurement of an arbi-
trary dynamical variable is, in general, not uniquely fixed by the wave function
which provides only a probabilistic prediction. The very notion of HNC there-
fore hinges on a tacit assumption that a wave function gives an “incomplete”
specification of the state of a system and that if a wave function description is
supplemented by additional variables (commonly known as “hidden variables”),
an individual outcome of a measurement is, in principle, predetermined, irre-
spective of the way a measurement is done and is independent of what variables
are simultaneously measured.
In other words , HNC implies that for any individual system there is a defi-
nite result which we “would” get if a dynamical variable is measured, i.e., the
possibility of a description on an event-by-event basis is allowed.
Now, let A1, A2 and B1, B2 be two pairs of dynamical variables pertaining to a
spin-1/2 particle such that Ai’s (i=1,2) commute with Bj ’s (j=1,2) where Ai’s
and Bj ’s belong to mutually disjoint Hilbert spaces corresponding to mutually
commuting degrees of freedom (say, spin and position-momentum degrees of
freedom). We take each of A1, A2 and B1, B2 to be two valued (say, ±1).
Remebering that by HNC, each value (±1) of A1 and also of A2 is independent
of whether B1 or B2 is measured together with A1 or A2, the outcomes of
joint measurements of four commuting pairs A1B1,A1B2,A2B1, and A2B2 are
considered.
Each of the quantities A1B1,A1B2,A2B1, and A2B2 has a measured value of
either +1 or -1. For each of the 16 different combinations corresponding to
possible choices of ±1 for each A1,A2, B1,B2 the following equality holds good.
A1B1 +A1B2 +A2B1 −A2B2 = ±2 (1)
Note that Eq. (1) pertain to a collection of particles assumed to be in a common
state specified by the same wave function as well as the same hidden variable.
The validity of Eq. (1) then follows because of HNC which requires that both
the occurrences of, say, A1 in Eq. (1) have the same value; similarly for A2, B1,
and B2. Now consider summing Eq. (1) over the above mentioned hypothetical
subensembles constituting the entire ensemble on which actual measurements
are performed. Taking the averages we then obtain
|〈A1B1〉+ 〈A1B2〉+ 〈A2B1〉 − 〈A2B2〉| ≤ 2 (2)
Assuming that the randomly chosen sample of particles on which pairs of quan-
tities such as A1B1, A1B2, .... are measured is typical of the entire set (the
principle of induction), the averages 〈A1B1〉 , 〈A1B2〉 , .... can be identified with
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the actual measured values of these quantities. Thus Eq. (2) is a form of Bell’s
inequality which embodies a testable consequence of HNC, independent of any
locality condition (see also Home and Sengupta [10] for discussions concerning
Bell’s inequality as consequence of HNC).
Now, in order to demonstrate quantum mechanical violation of the inequality
(2) for an appropiately chosen entangled state of a single spin-1/2 particle we
proceed as follows. A crucial step is to construct an appropiate two dimensional
Hilbert space H1 pertaining to position-momentum degrees of freedom which
is disjoint to the two dimensional Hilbert space H2 of a spin-1/2 particle. For
this purpose we consider a Mach-Zehnder type of interferometer as shown in
Fig. 1. A particle entering this device through the beam splitter BS1 can be in
either of two possible states (designated by, say, ψ1 and ψ2) corresponding to
the transmitted and reflected channels respectively. ψ1 and ψ2 are recombined
at a second beam splitter BS2, the output channels being labelled by ψ3 and
ψ4 that are registered at the detectors D3 and D4 respectively. The states
ψ1, ψ2, ψ3, ψ4 are taken as eigenstates of projection operators which represent
the relevant observables.
In the experimental arrangement under consideration, the appropiate observable
quantities correspond to the determination of “which channel” the particle is
in; e.g., the detector D3 registers whether a particle is in the channel ψ3 or
not. Results of such a measurement with binary alternative outcomes can be
designated by the eigenvalues of a projection operator, say, P (ψ3); the eigenvalue
+1(0) corresponding to the particle being found in the channel ψ3. Obviously
such a measurement is essentially a form of position measurement involving
an exchange of momentum. The description in terms of projection operators
like P (ψ3), P (ψ4), .... therefore generates a two dimensional Hilbert space H1
pertaining to position-momentum degrees of freedom which is isomorphic to
the Hilbert space H2 for spin 1/2.


















cos2θ, sin2θ being respectively the transmission and reflection probabilities. The
beam splitter BS2 is thus characterized by the parameter θ.
For our purpose it is convenient to consider a dichotomic observable defined as
follows
A = P (ψ3)− P (ψ4) (5)
The eigenvalues ±1 of A correspond to the particle being found in a channel
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corresponding to either ψ3 or ψ4. Therefore, the expectation value 〈A〉 can be
determined from the counts registered at D3 and D4.
Changing BS2 (i.e., for different values of θ) one can construct different ob-
servables like A1 and A2 in the Hilbert space H1; such observables obviously
commute with spin components in the disjoint Hilbert space H2.
Against the above background, let us now turn to the specific experimental
arrangement (Fig. 2) that may be used to illustrate the quantum violation of a
Bell-type inequality for a single spin 1/2 particle. This arrangement is similar
to that indicated in Fig. 1 with the following differences:
(a) A spin-flipper and a phase-shifter are placed along the channels ψ1and ψ2
respectively.
(b) The detectors D3 and D4 act in conjunction with suitably oriented Stern-
Gerlach devices measuring the relevant spin components; i.e., each of D3, D4 is
coupled to detectors along both channels of the respective Stern-Gerlach device
so that an observable like A1 and the relevant spin component are measured
jointly.
Let a spin-1/2 particle with spin polarized along, say, +z axis is incident on
BS1 with transmission and reflection probabilities being given by |a|2 , |b|2 re-
spectively. The entangled state thus prepared which is subsequently incident on
BS2 is given by
Ψ = aψ1 ⊗ |↓〉z + beiδψ2 ⊗ |↑〉z (6)
where |↓〉z , |↑〉z denote spin components corresponding to σz = −1, σz = +1
respectively. Since the Hilbert space H1, spanned by ψ1, ψ2 is isomorphic to the
spin space, we may denote ψ1 and ψ2 by |↑〉p and |↓〉p (’momentum up” and
“momentum down”) which can be mapped onto spin-up and spin-down states
respectively. Thus Ψ given by Eq. (6) may be written in a form which displays
an explicit similarity with the EPR-Bohm entangled state
Ψ = a |↑〉p ⊗ |↓〉z + beiδ |↓〉p ⊗ |↑〉z (7)
It is with respect to such a state of a spin-1/2 particle that we consider mea-
surements of appropiately chosen spin components (say, B1 and B2) along with
the observables A1, A2 defined by Eq. (5) for showing the quantum violation of
Bell’s inequality (2). The relevant A1, A2 can be chosen by suitably adjusting
the value of θ. Thus the beam splitter BS2 in Fig. 2 is viewed as a part of
the arrangement making measurements with respect to Ψ given by Eq. (6) or
equivalently Eq. (7).
Now note that in view of the isomorphism between H1 and H2, the measure-
ments pertaining to A1 and A2 may be treated as equivalent to measuring spin
components along various directions. In particular, the parameter θ may be
chosen to make measurements of A1, A2 equivalent to measuring spin compo-
nents along the directions, say, −→a1 and −→a2 which are coplanar with the actual








angle equal to 3pi
4
and the three others to pi
4
. Then if Ψ of Eq. (7) is ensured
to be prepared in a maximally entangled state (i.e., a=b=1/
√
2), the quantum
violation of Bell’s inequality (2) is maximum; the left hand side of (2) being 2
√
2
for δ = pi, using the quantum mechanical result 〈A.B〉 = −−→a .−→b . Thus Bell’s
inequality formulated as a consequence of the hypothesis of noncontextuality is
violated by the quantum mechanical predictions for an entangled state of the
form (7) pertaining to a single spin-1/2 particle.
Finally, we would like to suggest that the scheme invoked for demonstrating
the above incompatibility could be experimentally realizable using neutrons.
Quantum entanglement of the type considered in this paper between disjoint
Hilbert spaces of a spin-1/2 particle may have wider conceptual implications
which should be worth investigating.
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Figure Captions
Figure 1: A particle (say, a neutron) entering this Mach-Zehnder type inter-
ferometer through the beam splitter BS1 can be in a channel corresponding
to either ψ1 or ψ2. ψ1 and ψ2 are then recombined at the beam splitter BS2.
The final output channels ψ3 and ψ4 are registered at the detectors D3 and D4
respectively.
Figure 2: A spin-polarized particle, say a neutron, incident on BS1 emerges
with an entangled state of the form given by Eq. (6) or equivalently Eq. (7). By
adjusting the parameter θ of BS2 and by suitably orienting the Stern-Gerlach
devices (SG) appropiate measurements of the observables A1, A2 and B1, B2 are
performed. Each of the detectors D3, D4 is coupled to the detectors along with
channels of the respective SG device so that an observable like A1 or A2 and
the relevant spin component B1 or B2 can be measured jointly.
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